COMBINATORIAL BASES OF PRINCIPAL SUBSPACES FOR AFFINE 

LIE ALGEBRA OF TYPE fij^^ 

MARIJANA BUTORAC 

Abstract. We consider principal subspaces Vl^L(fcAo) ^^id W^Af(fcAo) of standard module 
L{kAo) and generalized Verma module N{kAo) at level A: > 1 for afRne Lie algebra of 
type B2^\ By using the theory of vertex operator algebras, we find combinatorial bases 
of principal subspaces in terms of quasi-particles. From quasi-particle bases, we obtain 

PsJ ' character formulas for WLi^kAo) ^^id WN(kAo)- 
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O INTRODUCTION 

^ ' The principal subspaces of the standard ylp''-modules play an important role in the 



(N 



study of the Roger s-Ramanuj an type identities by means of representation theory of 
affine Lie algebras (see in particular [FS], P, jCnT] - jrM2] . |(]LM1] - |CLM2] . [CialLMlj - 
|(::alLM8] . IMS]). 

These subspaces were introduced and studied by B. L. Feigin and A. V. Stoyanovsky 
in |FSj . where they gave a construction of monomial bases of principal subspaces of the 
^ • standard A^^^-modules. The bases monomials (which act on a highest weight vector of 
standard module) can be interpreted in physicist terms, as statistically interacting quasi- 
particles of color 1 and charge 1, whose energies satisfy the difference-two condition (cf. 
|FS] . [G] . |DKKMM] ). From these bases, Feigin and Stoyanovsky obtained the character 
^ formulas of the whole standard modules, which are the same as the character formulas 

O ' of standard ■'-modules obtained by J. Lepowsky and M. Prime in |LP] . 

This approach was further developed by G. Georgiev in [G], who constructs the com- 
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yjT) . binatorial bases of principal subspaces associated to a family of standard A^"* -modules, 
^ \ in terms of quasi-particles of color i, (1 < i < /) and charges > 1, whose energies comply 
certain difference conditions. In order to prove the linear independence of the spanning 
sets, Georgiev used the theory of vertex operator algebras, including certain intertwin- 
ing operators constructed in |DLj . Georgiev's results can be generalized to principal 
subspaces of standard modules for untwisted affine Lie algebras of types A, D and E. 
In this paper, we use Georgiev's ideas to construct combinatorial bases of principal 
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subspaces of standard modules L(fcAo) and principal subspaces of generalized Verma 
modules N{kAo) for affine Lie algebra of type In our case, we neither have a Frenkel- 
Kac's construction of level 1 modules nor Dong-Lepowsky's intertwining operators (cf. 
|DL] ). Our main "instrument" in the construction of a quasi-particle bases is the theory 
of vertex operator algebras. Each basis vector is a finite product of coefficients of certain 
vertex operators acting on the highest weight vector. Using the vertex algebra structure 
of L(A;Ao) and simple currents, we construct operators which are used in proving linear 
independence of our bases. 

Let g be a simple complex Lie algebra of type B2, () be a Cartan subalgebra of q and 
n = {ai, 02} the set of simple roots. For every root a in the root system R, we fix a root 
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vector Xq, G ria, where Uq, is one-dimensional subalgebra of q. Then we have a triangular 
decomposition 

g = n_ © [) ©n+. 

Let g = g © C[t, t^-*^] © Cc © Cd be the corresponding (untwisted) afiine Lie algebra (cf. 
[K]). For X G and m G Z we write a;(m) = a; © t™. Denote by jC(n+) subalgebra of g: 

£(n+) = n+ ©C[t,r^]. 

As in [G] and |FS] . for fixed positive integer level k, we define the principal subspace 
W^L(fcAo) of standard module L{k Aq) as 

where f^Ao is a highest weight vector. Following Georgiev in [G], we define quasi-particle 
XraiiiTT-) of color i, charge r and energy —m 

Xrrv. (m) = Resz ( ^'"+'■-1 ^ 

r factors 




where Xa^iz) = '^j^^XaXj)^''''^ are vertex operators associated to elements Xq,^, 
L(fcAo). Every basis vector is monomial vector hvkivQi where monomial h is composed of 
quasi-particles of colors i = 1 and i = 2, certain charges r > 1 and energies —m which 
comply certain difference conditions. 

In order to find difference conditions, we use the theory of vertex operator algebras, 
relations on vertex operator algebra A^(A;Ao) and principal subspace Wjy (^kAo) C A^(/cAo), 
defined as 

W^Ar(fcAo) = U{C{nj^))vN(kAo)^ 

where WAr(fcAo) is a highest weight vector of A^(A;Ao). These relations will lead us to the 
spanning sets for WL{kAo) and WNi^kAo)- 

The proof of linear independence of spanning sets for WL{kAo) is carried out by in- 
duction, using a coefficient of a certain intertwining operator, as well as other operators 
from the vertex algebra theory. The other important "ingredient" in the proof of lin- 
ear independence is a projection (defined similarly as a projection in [G]) distributing 
the constituting quasi-particles of monomials among factors of the tensor product of ()- 
weight subspaces of standard modules, thus ensuring the compatibility of the usage of 
above mentioned operators with the defining quasi-particles of charge > 1. By using this 
proof, we find a basis of Wiy(^kAo)- Finally, fermionic-type character formulas for W^kAo) 
and WN(kAo) follow as a direct consequence of obtaining the quasi-particle bases. The 
main result of this paper is the following identity of Rogers- Ramanujan's type, which 
follows from the character formula for WN{kAo)- 

Theorem. 
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The paper is organized as follows. In Section 1, we introduce most of our notations and 
definitions. In Section 2, we build quasi-particle bases for the principal subspaces of the 
standard modules and generalized Verma modules. In Section 3, we prove the theorems 
[T] and EJ In the last section, we define characters of the principal subspaces WL{kAo) and 
W^Af(feAo) and use the quasi-particle basis to calculate the character formulas directly. 

1. PRINCIPAL SUBSPACE 

1.1. Modules of afRne Lie algebra of type B^K Let g be a complex simple Lie 
algebra of type b!^\ let f) be a Cartan subalgebra of g and R the corresponding root 
system. Denote by (■,■) the standard symmetric invariant nondegenerate bilinear form 
on g which enables us to identify [) with its dual f)*. We normalize this form so that 
{a, a) = 2 for every long root a ^ R. 

Let ei, £2 be an orthonormal basis of the real span of the root system R so that R has 
the following base: 11 = {ai,a2}, ai = ei — €2, 0.2 = £2. The set of positive roots is 
i?+ = {ai, ai + a2, ai + 2a2, 02} and the maximal root is 6* = ai + 2a2. Then we have 
the triangular decomposition, g = n_ © P) © n+. For a G -R, we have the corresponding 
coroot = Also, for each root a G i? fix a root vector x„ G g. We will work with 

{a,a) ' " ^ 

one-dimensional subalgebras of g 

Let Q = X]i=i and P = X]i=i '^^i be the root and weight lattices, where Ui, 002 are 
the fundamental weights of g: (wj, aj) = 6ij, i,j = 1, 2. For later use, we set Uq = 0. 
We consider the untwisted affine Lie algebra associated to g, 

g = g©C[t,r^] ©Cc, 

where c is a non-zero central element (cf. pKj). For every x G g and j G Z, we write x{j) 
for elements x ®P . Commutation relations are then given by 

[c,x(j)] = 0, 

k(ji),l/(j2)] = [x,y] (ji + J2) + (x,?/) ji5j,+j2,oc, 
where x(j) = x ®P for any x,y G g, j, ji,j2 G Z. Let us introduce the following 
subalgebras of g 

0>o = 00®r©Cc, g<o = 0S®t", 

n>0 n<0 

£(n+) = n+ ©C[t,r^], 
£(n+)>o = C{n+) © C[t], i:(n+)<o = C{n+) © r^C[t] 

and 

£(n,J = n,, ©C[t,t-i], 
where a, G 11. By adjoining the degree operator d such that 

(1.1) [d,xU)]=3xU), [d,c] = Q 

to the Lie algebra g, one obtains the affine Kac- Moody algebra 

g = g © Crf, 

Set [) = f) © Cc © C(i. The form (-, ■) on [) extends naturally to f). We shall identify f) 
with its dual space f)* via this form. We define 5 G f)* by 5{d) = 1, (5(c) = and 6{h) = 0, 



for every G f). Set = 5 — 9 and Oq = c — 0^. Then {ao? cti? ct2} is a set of simple 
roots and {c^q , a^, } is a set of simple coroots of g. 

For every simple root a G 11, let s/2(«) = span {xq, x_q,, a"^} be three-dimensional 
subalgebra of g so that the map 

h ^ , e ^ Xa, f X-a 

is isomorphism with Lie algebra s/2(C) = span {e, /, h} with commutation relations: 

[h,e]=2e, [h,f] = -2f, [ej] = h. 

The associated affine Lie algebra st2(«), in this case, is subalgebra of g with the central 
element 

(1.2) c' = 

Define fundamental weights of g by (Aj,aJ) = 6ij for i,j = 0,1,2 and A, (d) = 0. 
Denote by i^(Ao), L{Ai), L{A2) standard g-modules of level 1, that is integrable highest 
weight g-modules of level 1 with highest weights Aq, Ai, A2 and with highest weight 
vectors vaq,vai,va^. Note that L{Aq) is a direct sum of standard s[2(a;)-modules of level 
1 if a is a long root and level 2 if a is a short root. This follows from (11. 2p (cf. [K]). 

For the sake of simplicity, we shall restrict our investigation to the g-module N{kAo) 
and its irreducible quotient L(fcAo), where level k is a positive integer. Throughout this 
paper, we will write x{m) for the action of a; (g) t™ on any g-module, where x G g and 

jez. 

The generalized Verma module N{kAo) is defined as the induced g-module 

N{kAo) = f/(g) ®u{s>o) 'CvNikAo), 
where CvN{kAo) is 1-dimensional g>o-module, such that 

and 

for every j > 0. From the Poincare-Birkhoff-Witt theorem, we have 

N{kAo) = f/(g<o) ®c <CvN(kAo) 

as vector spaces. Set 

VN(kAo) = 1 ® fAr(fcAo)- 

We view g-modules A^(A;Ao) and L{kAQ) as g-modules, where d acts as 

(1.3) dvN{kAo) = 

(see [LL]). 

1.2. Principal subspace. Let A; G M and let A = /cAq, the only dominant integral weight 
of level k which we consider. Set VkAo to be the highest weight vector of the standard 
module L(A;Ao). As in [FS| and [G], we define the principal subspace W^kAo) of the 
standard module L(fcAo) as 

^L(fcAo) = U{C{n+))VkAo- 

Here t/(£(n+)) is the universal enveloping algebra of Lie algebra i3(n+). Continuing to 
generalize |FS] and [G], we introduce the principal subspace WN{kAo) of the generalized 
Verma module A^(A;Ao) as 

WN(kAo) = U{C{n+))vN{kAo)- 
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Like in fG], we denote the vector space 

U = U{C (n„J)[/(£ (n,J). 
Using the same argument as Georgiev in [Gj|, we have 
Lemma 1.2.1. 

W^L{fcAo) = UVkAo, 

□ 

1.3. Vertex operator algebra structure for N{kAo) and L(A;Ao). It is known that, 
for every positive integer k, the generahzed Verma module N{kAo) has a structure of 
vertex operator algebra (see |LL] . |Lil] . |MP] ). where vj\f(^kAo) is the vacuum vector and 

is vertex operator associated with the vector x{—l)v]\f(^kAo) ^ N^kAo). Denote by /(A;Ao) 
the sum of all the proper ideals in the vertex operator algebra A^(A;Ao). The simple vertex 
algebra N{kAQ)/ I{kAQ) is then the standard g-module, that is 

N{kAo)/I{kAo) = L{kAo) 

(cf. |LL] . [MP] ). In addition, all the level k standard modules are modules for this vertex 
operator algebra (cf. [LL] , |MP j). 

Standard modules of level A; > 1 can be viewed, by complete reducibility, as submo- 
dules of tensor products of standard modules of level 1. Vertex operators x{z), where 
X G g, act on the tensor product of standard modules of level 1 as Lie algebra elements 
(cf. [LXJ). 

For a E R and r > 0, we have 

Y{{Xai-'l)Y VN{kAo), z) =Xa{zY. 

We will use the commutator formula: 

(1-4) [Y{Xa{-l)vN{kAo), Zl), Y{Xi3{-lYvN{kAo), ^2)] 

= Yl^-jr~ ^2"^<^ (^^^ Y{Xaij)xp{-iyVNikAo), 

where a,/3eR, (cf. [FHL] l 

Let k eN. Then we have the following relations on the standard module L(/cAo): 

Proposition 1.3.1 (cf. [LL], [m], [MP] ). 

(1.5) x^,{zY+' = 0, 

(1.6) x^,izY'+' = 0. 



2. QUASI-PARTICLE BASES 

2.1. Quasi-particle monomials. In the description of our bases, we use quasi-particles 
as in [G]. In this section, we introduce the concepts of quasi-particles of colors i = 1,2 
and charges r > 1, the concepts of monochromatic and polychromatic monomials and 
the linear order among quasi-particle monomials. We start with the definition of quasi- 
particles. 
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Definition of quasi-particles. For given i G {1,2}, r G N and m G Z define a quasi- 
particle of color i, cliarge r and energy — m by 



(2.1) Xra, (m) = Res^ <( ^ Xa,{z) ■ ■ ■ Xa,{z 



r factors 



We sliall say tliat vertex operator XraXz) represents tlie generating function of color i 
and cliarge r. From (12. ip it follows 

XraXf^)= X] Xo^(m^) ■ ■ ■Xo^(mi). 



m\,...,mr(z£ 
n^lH fmr=m 



Note that a family of operators 



{Xa^ {rrir) ■■■Xa, (mi)) mu-,mr& 
miH \-mr=m 

on the highest weight module is a summable family (cf. [LLJ). We will usually denote a 
product of quasi-particles of color i by b{ai). We say that monomial b{ai) is a monochro- 
matic monomial colored with color- type rj, if the sum of all quasi-particle charges in 
monomial b{ai) is rj. 

Now, choose a partition of positive integer rj, which we denote by 

so that 

^(1) > ^(2) > . . . > > and s > 1. 

Denote by 



n m ., . . . ,ni,j ) , 

the conjugate of (r-^^r^-^^ . . . ,r|'*'') (cf. [A]), where 

< n ji) .<■■■< Tii^i. 
We say that a monochromatic quasi-particle monomial 

b{ai) = Xn „) a,(m (1) ) ■ ■ ■x„,^,„,(mi,j), 

r.,i i ' 

is of color- type rj, charge-type 

(n^(i) ni,j^ 

and dual-charge-type 

{rf\r^i^\ - ■ ■ 

This quasi-particle monomial is built out of r^,^^ — "^'P quasi-particles of charge 1, r^^^ — Tp'' 
quasi-particles of charge 2,. . ., r^^^^ quasi-particles of charge s. In the demonstration of 
charge-type and dual-charge-type of monomial 6(aj) we use the graphic presentation from 
[GJ. 

Since quasi-particles of the same color commute, we arrange quasi-particles of the same 
color and the same charge so that the values m^ j, for I < p < rl^\ form a decreasing 
sequence of integers from right to left (that is, we start with the highest integer in the 
given sequence and we finish with the smallest integer). 

We say that monomials "colored" with more colors are polychromatic monomials. For 
(polychromatic) monomial 

b = b{a2)b{ai), 
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-^n (i\ 02 (^^(1) 9) ' ' ' -^ni 2^2 (^l,2)'^n i-i"! oil (^.,.(1) 1 ) ' ' ' -^ni lai 

we will say it is of charge-type 

(^n^(i)2,...,ni,2;n^(i) , 

where 

< n (1) .<...< rii^i, 

dual-charge- type 

(s^) ^(S2) (1) 

where 

(1) > (2) > _ _ _ > ^(^i) > 

and color-type 
where 

rj = ^ Up^i = ^ rf ^ and G N, 

if for every color 

(^n^(i) ., . . . ,ni,i^ 

and 

(^rf \ rf \ . . . , rf ^) 

are mutually conjugate partitions of (cf. ^). In this case we can visualize charge-type 
and dual-charge type of polychromatic monomials b = b{a2)b{ai) in graphic presentation, 
as in the Example I2.1.1I 

We use the same terminology for the products of generating functions. For the product 

we say that it is of charge-type 

(^n^(i)2,...,ni,2;n^(i)p...,Tii,i) 

and dual-charge-type 

fj^) »,(«2) (1) isi)\ 

y 2 ■>■■■■>' 2 i'l ■>■■■■>' I J ■ 

Example 2.1.1. For color-type (r2,ri) = (10; 12), charge-type (1, 2, 3, 4; 2, 3, 3, 4) and 
dual- charge-type (4, 3, 2, 1; 4, 4, 3, 1) we have the following graphic presentation: 



.(4) 



,(3) 
.(2) 



(3) 
.(2) 



.(1) 



"-4,2 ^^3,2 "2,2 "1,2 "4,1 "3,1 "2,1 "1,1 



Figure 1. Graphic presentation 
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We have a "color-type" gradation of the entire vector space U 



(2.2) 




r2,ri>0 



where f/(r2,ri) is the weight subspace of weight r2a2 + riai. 

We compare the (polychromatic) monomials as in [Gj; first we compare their charge- 
types and if the charge-types are the same, we compare their sequences of energies. That 
is, we apply the following definition (12. 3p . starting from color i = 1: 
for polychromatic monomials, we state 



(if there is m G N, such that ni j = ni_j,n2,i = n2,i, . . . , n„-i,j = n^-i^i, and 
M = ff^ + 1 or nu,i<nu,i); 



(if there is -u G N, 1 < m < r.j, such that rrii^i = mi^i,m2j = Tn2j, . . .rriu-i^i = 
rriu-i^i and m„,j < mu,i). 

2.2. Relations among quasi-particles of the same colors. Relations (II. 5p and (II. 6p 
will not be sufficient to determine a basis of H^L(fcAo)- In th^ next section, we will determine 
the remaining relations. Here we establish relations among quasi-particles of the same 
colors, that is, expressions for the products of the form x„a(m)a;„/Q,(m'), where a = ai, 
n,n' G N and m, m' G Z. These relations are also used in [F], jFS] and [G]. In our 
case, these relations are provided in Lemma [2.2.11 and Corollary 12.2. II The proof of these 
relations may be found in |JPj . so we omit the proof of Lemma [2.2. II and Corollary 12.2.11 

Lemma 2.2.1. For fixed M,j G Z and 1 < n < n' a sequence of2n monomials from the 
set 



A = {XnaU)Xn'a{M - j),XnaU + l)Xn'a{M - j - 1), ... , 

. . . , XnaU + 2n- l)Xn'a{M - J - 2n + 1)} 

can be expressed as a linear combination of monomials from the set 



can be expressed as a linear combination of monomials x„Q,(m)xnQ,(m'), such that 




b<b 




{Xna{^)Xn'a{^') m + TTl' = M} \ A 

and monomials which have as a factor quasi-particle X(n'+i)a{j') , j' £ Z. 



The special case of Lemma 12.2.11 is distinguished in the next corollary. 



Corollary 2.2.1. Fix n G N and j G Z. The elements from the set 

^1 = {Xna{nT')Xna{TTT'') m! — 2n < m < m'} 



m < m' — 2n 



and monomials with quasi-particle (j'), j' G Z. 
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2.3. Relations among quasi-particles of different colors. Here we establish rela- 
tions among quasi-particles of different colors, that is expressions for the products of the 
form Xn,aA™i)^n'jaj{mj), where i,j = 1,2, i j ni,n'j e N and mi,m'j e Z. 

Lemma 2.3.1. For fixed rii G N, we have: 

a) Xa2(0)Xai(-l)"'t;Ar(fcAo) = niX„i(-l)"i"^Xa,+a2(-l)^Af(fcAo); 

b) For j > 0, we have Xa2{j)xa^{-l)"'-VN{kAo) = 0. 

Proof. In the proof of the statments a) and b), we use commutation relations 

(2.4) [Xajj^^ai] •^«i+a2) 

(2.5) [x 5 •^01+02] -^01+202 

and induction on ni G N. □ 

We use Lemma 12.3.11 and the commutator formula for vertex operators 11.41 in the proof 
of the following lemma: 

Lemma 2.3.2. Let ni,n2 G N 6e fixed. One has 

(2.6) {Z2 

n2a2 (^2) = (^2 ^1) ■^^202 (^2)2^niai (^l)- 

Proof. From 

[Y{Xa2{-l)vNikAo), Z2),Y{Xa^{-l)'^^VN{kAo), Zl)] = ^i^^ (^^^ y{Xa2{0)Xa^{-lf^VNikAo),Zl] 

and properties of 5- function (cf |LLj ) follows 

{Z2 — Zi)Xa2{z2)Xn-i^ai{Zi) = (^2 — Zi)Xniai{zi)Xa2{z2) ■ 

Therefore, one has 

n2 n2 

'Y\_(^i<'^ ~ ^1)^02(^1,2) ■ ■ ■ Xa2{Zn2,2)Xniai (^l) = ]^(%',2 — Zi)Xniai{zi)Xa2{zi^2) " " " Xa2 {Zn2,2)- 
i=l 3=1 

For every j, 1 < j < n2, using lim^^. 2_>.22, follows (12. 6p . □ 

Just like in Lemma r2.3.H from commutation relations (12. 4p and (12. 5 P and induction on 
n2 G N follows: 

Lemma 2.3.3. For fixed n2 G N, we have 

a) Xa^{0)Xa2{-lT^VN{kAo) = -^^23:^2 (-l)"'"^a;ai+a2 (-l)^iV(fcAo) 

712(^2 - 1) . iNn2-2 / n\ 

H Xa2[~'-) Xai+2a2[~^)'VN{kAo) 

>^2(W2"1) , 



b) Xa^{l)Xa2{-lT^VN{kAo) = -Xa2{-^T^ ^a;Q,+2Q2 (-l)^Af(fcAo) 

c) For every j > 2, we have Xa,(j)xc,2(-l)"'f7V(fcAo) = 0. 



□ 



Lemma 2.3.4. Let ni,n2 G M 5e fixed. One has 

(2.7) {Z2 — Zi) 

lai (^ZiJXfi2a2 

{Z2) = {Z2 

Proof. Like in Lemma [232], from Lemma [2.3.31 commutator formula for vertex operators 

[F (Xq, ( - 1 ) VN{kAo ),Zi),Y{Xa2{-lT^VN{kAo),Z2)] 

Z\ ( d \ Z\ 

= Z2^5{ — )Y{Xai{0)Xa2i-lT^VN{kAo),Z2)-{ Z^^ 5{ — )Y {Xa^{l)Xa2i-l)''^Vj^(^kAo), ^2) ■ 

Z2 \ UZi J Z2 

9 



and properties of (5-function follows 

{Z2) = {Z2 - ZiY {z2)Xa^{Zi). 

Now, we have 



ni 



(^1,1) ■ ■ ■ -^ai {^ni,l)Xn2a2 (^2) — ]^(^2~^j,l)^3;„2a2 {^2)^01 (^l,l) ' " ' ^ai (^ni,l)- 

For every j , I < j < rii, using limit lim^^ i^zi, we get {\2.7\i . 
Lemma 2.3.5. For generating function 



□ 



,2 2 ' 



0/ charge-type (^n^m 3, • • • , ^1,2; ^.^w • • • , ""-i,! j o^*^ dual- charge-type (^r!2\r^\ . . . ; 
r["'^\ rl^"*, . . . j , one has 



'^2 '^1 



p=l g=l 



min{np,2,2ng,i} 



(I) q:2V^».(i) 9/ ' ' ■'^ni lai 

',2 ^2 



iZl^l)VN(kAo) 



{21 



Proof. ( 12. 8 P follows from 



^^2 

n 

p=i 



.(1) 



^Eqii min{np, 2, 2719,1} 
'P,2 



WAr{fcAo) 



2' • • • ' ^1,1 



/ O '1 



nn(^p'2-2;<?,i; 

p=l 9=1 



min{2n5,i,7ip,2} 



(2.9) 



^^(1) 2' ■ ■ ■ ' ^1-1 



f l2.9p is immediate from creation property of vertex operators (cf. [LLJ), Lemma 12.3.21 
and Lemma I2.3.4[ i.e. 

[Z2 — ^l)™'"^^"^'"'^-'^X„jQj(2;i)x„2a2(z2) = {,Z2 — 2;i)™"''-^"^'"'^-'^X„2a2 (^2)a^niai (^^l ) . 

□ 



2.4. Quasi-particle bases. We start with a definition of a set By/ 



iV(feAo)- 



(2.10) 



^H'iV(.Ao) - U 

0<i (1) <...<ni,i 

,1 

0<n (1) <...<ni,2 

',2 



or, equivalently \^ 

r*^'>rf' >--->0 
r(l)>rf >...>0y 



{6 = 6(02)6(01) = Xn a2("^^{l) 2) ■ ■ ■2;ni,l«l("^l,l) 

r2 ,2 



Ep>p'>o2 min{np,i,np/,i}, l<p<r\ 



(1). 



"^p+1,1 < "^p,i - 2rap,i if rip^i = n^+i^i, 1 < p < ^ - 1 



mp^2 < -np,2 + EgLi min {2ng,i, ^^,2} - Ep>p'>o 2 min{np,2, np/,2}, 1 < P < 
"^p+1,2 < mp^2 - 2np,2 if ^^^+1,2 = np,2, 1 < p < r^2^ - 1 
We will prove the theorem: 
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,(1). 
2 1 



> . 



Theorem 1. The set 



w, 



iV(fcAo) 



bv 



iV(fcAo) 



■.beB 



w, 



]V(fcAo) 



forms a basis for the principal subspace WN{kAo) of N (A;Ao). 

The first step in a proof of the Theorem [T] is the following proposition: 



Proposition 2.4.1. The set OS 



w 



iV(feAo) 



su 



bspace W^ik Ao) of N{k Aq). 



bv 



NikAo) 



: b G -BvKjv(fcAo) ^ ^P(^'^^ principal 



□ 



Besides the fact that quasi-particles in our set By/^^^^^^^ have no limit on the charge, the 
proof of the Proposition I2.4.11 is the same as in [G], so we omit the proof of Proposition 

Denote with surjective linear map of vector spaces: 

fk '■ WN{kAo) W^kAo)- 

From relations (11 .Sp and fll.6p follows 



fk {^w^ 



N(kAo) 



53 



L(feAo)- 



Elements of the set ^WL^kAg) monomial vectors bvkAo) where monomials b are from 



the set By/ 



L(kAo)- 



( 



(2.11) 



B 



w 



L(kAo) 



" (1) 1 



u 

<...<ni i<k 



\ 



or, equivalent ly 



U 



rl >--->r\ '>0 



n <...<ni_2<2A; y 



>0/ 



,1 < -np,i - E«>p'>o2 min{np,i,np/,i}, 1 < p < r[ 



(1). 



"^p+l,l < "^p,i - 2np,i if Up^i = np+1,1, 1 < p < 



(1) 



mp^2 < -np,2 + EgLi min {2ng,i, np^a} - Ep>p'>o 2 min{rap,2, V.s}, 1 < p < r 



,(1). 

■ 2 1 



"^p+1,2 < mp,2 - 2np,2 if np+1,2 = Tip,2, 1 < P < - 1 

Now, from the Proposition 12.4.11 and the above considerations follows: 



Proposition 2.4.2. The set OS 

space WiikAo) ■ 



w 



L(fcAo) 



bvkAo - beB 



w, 



L(fcAo) 



spans the principal sub- 



□ 



3. Proof of linear independence 

3.1. Projection vrf^. Modeled on a projection from [G], we shall define a projection vrg^ 
distributing quasi-particles of monomial vectors from the set ''^WnkAo) ^^^^oi^g factors of 
the tensor product of fi-weight subspaces of standard modules L{Kq). If we restrict the 
action of the Cartan subalgebra f) = f) ® 1 to the principal subspace W^l(Ao) of l^vel 1 
standard modules L{Kq), we get the direct sum of vector spaces: 



ti,n>0 
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where 

is the weight subspace of weight 

ua2 + vai G Q. 

Fix a level k > 1. We shall write the tensor product of k principal subspaces VFl{Ao) of 
level 1 as 

Like in [G], we will realize the principal subspace WL(kko) as a subspace of the tensor 
product of k principal subspaces Wl(Kq)- That is, 

where 

t'fcAo = ^Ao ® ■ ■ ■ ® ^Ao 

^ V ' 

fc factors 

is the highest weight vector of weight /cAq. 
For a chosen dual-charge-type 

^-(r^^) ^(2fc).^(i) Jk)\ 

~ y 2 )---;'2 )'l j 1 

denote with TTfR the projection of principal subspace W^kho) to the subspace 



where 



h^2 ~ ' 2 ' ' 2 5 



for every 1 < t < /c. We shall denote by the same symbol vrg^ the generalization of this 
projection to the space of formal series with coefficients in Wl{Ao) ® ■ ■ ■ ® Wl(Ao)- Let 

(3-1) -^n 11) 02 (^r.'-"-' 9) ' ' ' "^"l 2^2 (^l.s)-^?! fii cti (^„(i) 1 ) ' ' ' "^"l (^1,1) 

',2 '^2 ',1 '^1 '"^ 

be a generating function of the chosen dual-charge-type 9^ and the corresponding charge- 
type For the color z = 1, for every t, 1 < t < k, and every p, 1 < p < we 
introduce the symbols 



where 
and 



< n*i < 1, 



(1) I (2) I I (fc-1) I (fc) 



Similarly, for color i = 2 we introduce the symbols 



< < 2, 



for every t, 1 < t < k and every 1 < p < r2 , so that at most one 11^ 2 can be 1, 



and 



''■p,2 — "'p,2 ^ • • • ^ '^p,2 — '^,2 



(1) I (2) , , , (fc) 

^^^,2 = ^^^,2 + «p,2 + ■ ■ ■ + «p,2 + ^p,2- 
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From relations fll.Sp . f ll.6p and definition of tlie action of Lie algebra on the modules, 
follows that the projection of the generating function fl3.1l) is 

(3.2) TT^Xn aiiz^W 3) " " " ^^m,!"! (^1.0 ^^^0 

,2 2 ' 



'-^ ^n'''' ao (^r'^'^-l' 2^"' ^n^"^ ao ^^r^^"^ 2^"' ^n^^^ao (^I'S) 

(2fc-l) „"2 ,Z n 02 ,^ "l,2"2 

^% ai(^r('=),l)---^n««i(^l.l) 



X 



(8) ... (8) 



,1 ' 

where C G C*. In the projection (13.21) . Up^i generating functions XQ,j(zp,i) (1 < p < t[^^), 
whose product generates a quasi-particle of charge placed at" the first (from 

right to left) i tensor factors: 

X (fc) {Zpi)®X(k-i) iZpi) ® ■ ■ ■ ® X (2) (z„i)®X(i) iZpi), 

so that, in the t-tensor row (1 < t < A;), we have: 



Figuratively, this can be shown as in the example in Figure 2, where each box represents 



(fe) 

(fe-1) 



.(3) 
1 

.(2) 



„(1) 



^^Ao 



^'Ao 
^'Ao 



" (1) 



n (k) 



"1,1 



Figure 2. Sketch of projection VTfH for color i 



From the relation 0:30,2(2;) = on the principal subspace PVl(Ao), follows that, with 
the projection 7r<H at most, two generating functions of color i = 2 "can be placed at" 
every tensor factor. If rip 2 (1 < P < ''"2^^) is an even number, then two generating 
functions XQ,2(-2p,2) "are placed at" the first tensor factors (from right to left). If np 2 
is an odd number, then two generating functions Xq-j (2:^,2) "are placed at" the first 



»p,2-l 



tensor factors (from right to left), and the last generating function (2:^,2) 
at" — h 1 tensor factor: 



'is placed 



X (k) (zp 2) (8) X (fe-i) (zp 2) 

"■f),2"l "p,2 "1 
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X (2) (Zp2) (8> X (1) (Zp2) 
"p,2<^l "p,2'^l 



so that, in every t-tensor row (1 < t < /c), we have: 

As in the previous case, this situation can be shown as in the example in Figure 3. 



„(2fe) 
2 

J2k-1) 

j2k-2) 
2 

(2fc-3) 



.(4) 
2 

.(3) 
2 

.(2) 



^'Ao 



.(1) 



"4^2 



ni,2 



Figure 3. Sketch of projection TTf^ for color i = 2 
be a monomial 

(3.3) & = a2("^r(i) o) ' ' ' ^"i 2Q2("^l,2)a;n ni ai ("^Ji) i ) " " " ("^i i) 

ri, ^2 '^2 ' ^1 '-^ 



Let b G -Bw,,, , , be a monomial 



colored with color-type (r2,ri), charge-type W and dual-charge-type 91. It follows from 
the above considerations that the projection of monomial vector bvkAo is a coefficient of 
the projection of the generating function fl3.2l) which we denote as 

-n-'nbvkAo- 

The following lemma will be used in the proof of the main theorem of this section. The 
proof of lemma follows from the definition of the projection and relations fll.Sp and fll.6p 
for level one modules: 



Lemma 3.1.1. Let b,b G B 



w 



L(feAo) 



be monomials such that monomial b is charge-type 



and dual- charge-type 9^ and monomial b is charge-type 

(n_(i)^2' • • ■ ^^i,2;n.(i)^^, . . . ,ni,i) 



and corresponding dual- charge-type !H 
Then we have T^-yJiVkkQ = 0. 



2 1 ■ ■ ■ 1 ' 2 )'l 1 ■ ■ ■ 1 ' I /5 



SO that b < b. 



□ 



We conduct the proof of linear independence of the set ^Svy^^^.^^^ in a few steps. In the 
final step, we will use the linear independence of the set that spans the principal subspace 
of standard module of affine Lie algebra of type s/2(a2)- Therefore, we especially analyze 
the projection of monomial vectors &(«2)'yfcAo from the set ^Wi^f^kAQ)- Denote by 

the set of monomial vectors bv^AQ, where every 6 is a monomial colored with the color 
i = 2. Let 

b{a2)vkAo 

be an element of the set 21 such that 6(0:2): 



6(02) 



(1) a2{^rW <j) ■ ■ ■ 2^ni,202 (^1,2); 

,2 



'2 
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is of the charge-type 



and of the dual-charge-type 



nm „<...< ni,2 < 2k 

'2 '-^ 



with the satisfied requirements for the mp,2 (1 < P < ^^2^'*): 
"^1,2 < - nio 



(1) 



"^p,2 < - np^2 - 2 min{np,2, ^,2} for 2 < p < r2 

p>p'>0 

mp+1,2 <mp,2 - 2np,2, if = ^1^,2, 1 < P < r^^^ - 1. 

Denote by 

02(^^(1) 2) ' ' ' -^ni, 20:2 (^1,2) 

,2 2 ' 

the generating function of the same charge-type and dual-charge-type as the monomial 
b{a2). Under consideration at the beginning of this section, the default dual-charge-type 
determines the projection 7r<K on the vector space 

Since the restriction of S2^^-module L{Ao) on the subalgebra 5/2(0:2) is a direct sum of 
standard s/2(tt2)-iiiodules of level 2, we will introduce the following symbol L'^(Ao) for 
standard i?2^^-modulc with the highest weight vector v^^ and the mark L^{2Aq) C L^(Ao) 

for standard ■'-module of level 2 with the highest weight vector f^^^ = v^^. From the 
condition Xsa2{z) = 0, it follows that Ti<}\hvkK„ is an element of vector space 



V 

k factors 



where WiAi2Kn) = ^i^(Ao)oQj ^^'^ principal subspace of standard module L^(2Ao) of 
the affine Lie algebra s/2(q;2)- Denote by 

f)- weighted subspace of VI/i,^(2Ao)- On every factor in the tensor product VFlA(2Ao) <^ ■ • ■ <S> 
Wla^2Ao) of k principal subspaces VFi,a(2Ao), we have embedding 

W^L^(2Ao) ^ W^L^(Ao) W^L^(Ao), 

that is 

W^LA(2Ao)(^W) ^ ^ W^L^(Ao)(„)<^W^LA(Ao)(„), 

/Uj''^ =u+v 

for 1 < p < A;. 

Denote by tt^ the projection of the vector space 

W^L^(2Ao) <8) • • • <H) M^L^(2Ao) 

on subspace 

W^L^(Ao)(^(2fc)) <H) W^LA(Ao)(^(2fc-i)) ® • • • «) Vl^LA(Ao)(42)) W^LA(Ao)(4i))- 
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(k) 



Ak-1) 



(2) 



,,(1) 



%(^\2 "1,2 

Figure 4. Sketch of projection of b{a2)vkAQ 
In particular, extending the above projection on the space of formal series with coefficients 



m 



2k factors 



from the condition (-2) = follows 

TT^ (vr5H6(a2)ffcAo) 
eWz,A(Ao)(^{2ft)-| ® W^L^(Ao)(r(2'=-i)) ® ■ 

Georgiev showed that 

TT^ O 7r«H 



W^L'4{Ao)(^(2)) ® W^M(Ao)(4i))- 



L'4(2fcAo) 

is a linearly independent set. Thus, it follows that the set vr(K2l<H is a linearly independent 
set. 

3.2. A coefRcient of an intertwining operator. Here we introduce operators which 
we use in our proof of linear independence of the set ^vK£(fcAo)- 

Denote by Y{-, z) the vertex operator which determines the structure of L(Ao)-module 
L(Ai). From the definition, of the intertwining operator it follows that Y is the inter- 
twining operator of type 

L(AO 
,L(Ao) L(Ai) 

and /(■, -z) defined by 

(3.4) I{w,z)v = ey.Y>{zL{-l))Y{v,-z)w, w E L{Ai),v e L{Ao) 

is an intertwining operator of type 

L(AO 
L(Ai) L(Ao) 

(cf. |FHL] ). In the next lemma we use the following commutator formula 

[x{m),I{vA,,z)] = ^ h)z^-n{x{j)vA,,z) 



j>0 



(cf. formula (2.13) of |Li2j ). where x{m) G Q. More precisely: 
Lemma 3.2.1. For fixed m E 1^, we have: 

[Xa,i'm'),I{vA,,z)] = 0. 
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We define the following coefficient of intertwining operator 

A^^ = Res^ z~^I{vai,z). 

From definition (13 ■4p . we have 

(3.5) A^^vaq=va^. 
Set 

(3.6) 1 O ■ ■ • ® ® 1 ^ ■ ■ ■ O 1 , 

s— 1 factors 

where s < k. Now, if we act with the operator (13. 6 p on the vector VkA^ from (13. Sp . it 
follows: 

(3.7) (1 (g) ■ ■ • (g) 1 (g) A^-^ (g) 1 (g) ■ • • (g) 1) (f fcAo) = t;Ao (g) ■ ■ ■ (g) -Ua,, (g) f Ai (g) -UAo ® ■ ■ • ® "^Ao • 

^ V ' 

s— 1 factors 

Set b G -BvKi(fcAo) (13. 3p . From the consideration in section [3711 it follows that 

(1 (g) ■ ■ ■ ® 1 (g) A^, ® 1 (g) ■ ■ ■ ® l)7rfH6t;feAo 

is the coefficient of 

(1 (g) ■ ■ ■ (g) v4^^ (g) 1 (g) ■ ■ ■ (g) l)7rRX„ (2:^,(1) 2) ■ ■ ■ ^sai{Zl,l)VkAa. 

,2 2 ' 

From (13. 7p . it follows that operator A^-^ acts only on the s-th tensor row: 

4 ° ^2 4 ''•',2 

a;„w « (2; Wi)---a;ai(2;i,i)t;Ao®, 

' ,1 

where < nJ'J < 1, for 1 < p < rj"^ and < nj,'^ < 2, for 1 < p < 4^'"^^ (see (jS^D). 
Since A;^-^ commutes with the generating functions, in the s-th tensor row, we have 

(2s-l) „^ ^2 " (2s) „"2 >^ "■1,2"2 

^2 ' ^2 ' 

(3-8) x^w ^^(z^(.)_^)---x„,(zi,i)t;Ai ® . 

3.3. Simple current operator e^-^. Fix G f) as in section [TTTl Here we introduce the 
simple current operator e^^ (cf. [P]). We use this map in the proof of linear independence 
of the set ^WLi^kAo) same way as it is used in [G] . 

Simple current operator e^^ is a linear bijection between the level 1 standard modules 

e^, : L(Ao) ^ L(Ai), 

such that 

(3.9) 3^0(2^)6(^1 CoJi^^ ^ ^2^a(-2^)) 

for all a & R, or, written by components, 

(3.10) Xa{m)e^-^ = e^^Xa{m + a(u;i)), 

for all a G and m G Z (cf. [DLM] . [P]). 
Prime in ^ showed that 

e^j^VAo = fAi- 
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Thus, we can rewrite fl3.8p as 



■2 -2 '■2 >2 



ri'^^ ,1 



'1 



We define the linear bijection 
(3.12) I0...0l0e^, 18). . .8)1 . 

s— 1 factors 

If we act with the operator fl3.12p on vector VkAo, we get 

(1 (g) ■ ■ ■ (g) 1 (g) e^^^ (g) 1 ® ■ ■ ■ (g) 1) {VkAo) = f Ao ® ■ ■ ■ ® ^Ao ® ^Ai ® "^Ao ® ■ ■ ■ ® ^^Ao • 

^ V ' 

s—1 factors 

Now it follows that we can write (13.111) as 



r--,2 

X 

n 

'1 



(.) (z (fc) )2; (fc) ■ ■ ■ (2:i,i)2;i,iWao ■ ■ 

r) ,1 



By taking the corresponding coefficients, we have 

(1 (g) ■ • • (g) A^-^ ® 1 (g • ■ ■ ® l)vrjR6t;fcAo = (1 ® ■ • • ® e^i ® 1 ® • ■ ■ ® l)7riH&^t'fcAo 
where the monomial 6"*": 

6+ = 6+(a2)6+(ai), 

is such that 

6+(a2) = &(a2), 

6+(ai) = Xn ai(m (1) -, + 1) ■ ■ ■x^«,(mi,i + 1) 

,1 1 ' 

= «i (^ (!),)■■■ ^sai 

rl' ,1 rl ,1 ' 

3.4. Operator Cq^. For the simple root ai G 11, we define on the level 1 standard module 
L(Ao), the "Weyl group translation" operator by 

= exp x_a,(l)exp (-x^i (-1)) exp x_ai(l)exp a;ai(0)exp (-x_a, (0)) exp ^^^(O), 

(cf. [KJ). On the standard g-module L{Aq), we have 

Lemma 3.4.1. 

(3.13) Xai{j)(^ai — (^ai^aiiJ + 2), 

(3.14) Xa^{j)ea^ = ea^Xa^{i - 1) 

for every j G Z. 

Proof. Expressions fl3.13p and (13.140 follow from 

(exp a)6(exp (—a)) = (exp (ad a))(6), 
for Lie algebra elements a and h such that (ad a)*6 = for some t (cf. [K]). □ 
We will use the following expressions which follow from (I3.13P and fl3.14p : 

(3.15) Xd^i^Z^CQi-^ = z eaiXcei{z) 

(3.16) 2^0,2 (2)60--^ z 60,-^X0,2 (^)- 
It is easy to see that we have: 
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Lemma 3.4.2. 

(3.17) CaiVAo = -Xa^{-l)vAo 

□ 

Set 

1 ® ■ ■ ■ ® 1 ® Cq-j (g) (g) ■ ■ ■ ® eo-i 

V ' 

s factors 

where s < k. From Lemma [3.4.21 it now follows 

(1 (g) ■ ■ • (g) 1 (g) Cq-j Cqj (g) ■ ■ ■ (g) Cq, J VkAo 
= {-iyVA„ (g) • ■ ■ (g>t^Ao ®Xa^{-l)vAo Xa^{-l)vA,, (g) ■ ■ " (g> (-1)?;Ao 

^ V ' 

s factors 

Let 6 be a monomial 

(3.18) b = b{a2)b{ai)xsai{-s) 

-^n n 1 ctT (^^t-*^) o) ' ' ' '^rii oot'l (^1. 2)3^11 n "i cti ('^^f-'^) 1 ) ' ' ' "^n^ iCfi (^2,l)'^soi ( ^1 

of dual-charge-type 

^=(r?\...,rfVr\...,rr\0...,0). 

As in section [3711 let vrf^ be the projection of principal subspace W^l(Ao) ® ■ ■ ■® W^l(Ao) on 
the vector space 

The projection 

7riH&(^Ao (g> • • • ® fAo) 

of the monomial vector b (f (g) . . . (g) f a^) is a coefficient of the generating function 

T^'^^n 02(^^(1' 2-^ ' ' ' "''"■I, 2^2 (^1,2)3^71 (1) cvi (^^(1) ]^) ■ ■ ■ 2^n2,iai (^2,1) 

(t^Ao (g> • ■ ■ ® fAo ® a;Q,(-l)t;Ao ®---® Xa^{-\)VA,^ 

= <^^nW a,(V2*-i'2)'"^n« a, ( V^*' 2) ' ' ' ^n^a, (^1.2)^Ao 

" (2fc-l) „°2 ^^2 " (2fc) „<^2 '-2 :^ '^1,2"2 

'"2 ' '"2 ' 

(g)---(g> 

_ -^),2) ■ ■ -^nff, . a2(^rf' ,2) " " " ^n(=^«2 ^^l'^) 



■2 >2 



a2^^rW,2) " " " ^n'^' a2^^.f ,2) " " " (^2,2)a:„(i)^^ (^1,2) 



'■2 -2 '■2 '2 



^^(z^(i)_,) (2:2,1)6,, t;Ao, 



(see (13.21) ). We shift operator 1 (g) . . . (g) (g) Cq, (g) . . . (g) Cq, all the way to the left using 
commutation relations (I3.15P and (13.161) 

(1 (g) ■ ■ ■ (g) eo-i (g) Cq,, (g) ■ ■ ■ (g) eQ,j7rfH'6' {vaq ® ■ ■ .® vaq) , 

where 

^'=(4^...,rrVr^-l,...,rf^-l 
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and 



b' = h\a2)h'{ai) 

— (1) a2 1""^^^) 2 "^^(1) 2 '" ^r'^) 2'' 

■ ■ ■ ^ni,2a2 ("^1,2 ~ "^1,2 — • ■ • — ^12) 

Xn ("^Ji) 1 + 2n (1) ) ■ ■ ■ X„2 lai ("^2,1 + 2^1,2) 

1 ' 1 ' 

= (1) 02(^^(1) 9) ■ ■ ■ 2^ni,2a2 (^1,2)^" (1) ('^^(i) 1) ' ' ' ^"2,101 (^2,l) • 

r2 J2 ' 2 '^l "1 1 ' 

In the proof of linear independence, we use the following proposition 

Proposition 3.4.1. Let b / (3.18)) be an element of the set i^vy^^^^^j. Then the monomial 
b' is an element of the set Bw^^^^^^^ . 

Proof. The proposition follows by considering the possible situation for Up^i 2 < p < r[^^ 
and 1 < p < r^'^ from which it follows that nip i comply the defining conditions of the set 

(1) For Up^i = s < s, we have 

"^p,! = "^p,i + 2s 

< -s - 2{p - l)s + 2s 
= -s-2{p-2)s 

and 



= + 2s 

< —2s + nip^i + 2s 

= m'p^^ - 2s for np+i,i = Up^i. 



(2) For np^2 > 2s, we have 



mp 2 = mp^2 - 2s 



< -''^P,2 - ^ 2 min {np^2, ^,2} + ^ min {r;,p,2, 2ng,i} - 2s 

p>p'>0 9=1 



and 



-^P,2 - ^ ™^ "f'^P'^' V,2} + X] min {np,2, 2ng,i} 

p>p'>0 9=2 



"^p+1,2 = "^P+1,2 - 2S 

< '"^p,2 - 2np,2 - 2s 

= mp_2 - 2np_2 for np_i,2 = '^p,2- 
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(3) For 2 < 2s, we have: 



p>p'>0 q=l 

,2-^2 mill {np,2, ^,2} + XI "^^"^ ^'^P'^' 

p>p'>0 g=2 



and 



"^p+1,2 = '^p+1,2 - np,2 



< "T'p,2 — 3r;,p_2 

= m'p 2 - 2np,2 for np+1,2 = np,2- 



□ 



3.5. The proof of hnear independence of the set QSiy^^j.^^^. In this section, we prove 
the foUowing theorem: 

Theorem 2. The set '^WLi^kAg) forms a basis for the principal suhspace Wn^kho) of L (/cAq) . 

Proof. Since the set ^iyi(fcAo) spans the principal subspace WL{kKo), we have to prove the 
hnear independence. We prove hnear independence of the set ^W£(fcAo) induction on 
charge-type of monomials h G ^vi/i(fcAo)- 
Assume that we have 

(3.19) CabgVkAo = 0, 

where A is a finite non-empty set and 

Assume that all ha are the same color- type (r2,ri). Let h be the smallest monomial in 
the linear lexicographic ordering "<" 

h = b{a2)b{ai) 

-^n (1 ) 02 ('^r.'-'-' 9) ' ' ' "^"l 2^2 (^l,2)'^n (1 1 ai {^11, (1) -,)■■■ X^-^ ^ai ( j) 5 

r}^ ' ,2 '^2 ' ' ,1 ^1 '-^ 

of charge-type 

(3.20) ('^rW,2' • • • ' ^^1.2; "-^(1),!, • • • , ni^i^ 

such that Cq 7^ and such that, for every ba of charge-type (13.201) . we have 

mi,i > -j, 

where mi^i is energy of quasi-particle ^^ ^^^(mi^i) of monomial ba- Denote by 

_ fj^) J^k) {1) (ni,i) 

the dual-charge-type of b and by £ the set of all monomial vectors femffcAo from fl3.19p 
such that monomials b<ji have a charge-type as (13.201) . For every 1 < t < k such that 

,,(*) _ J^t) {2t-l) 
1^2 — ' 2 "T ' 2 
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let TTfFi be the projection of VI/l(Ao) ® • • • ® W^l(Ao) on the vector space 



k factors 



VFl(Ao)(^W.O) ® • • • ® ^i{Ao)(^("i,i + i).o) ® W^L(Ao)(^("i,i).,,("i,i)) ® " " " ^i(Ao)(4i);^W)- 

By Lemma I3.1.1[ TTf^ maps to zero all monomial vectors 6a^fcA„ such that ba has a larger 
charge- type in the linear lexicographic ordering "<" than (13.201) . So, in f l3.19p we have a 
projection of baVkAg, where ba are of charge- type fl3.20p 

(3.21) y~] CaTr^bgVkAo = 0, 

a 

On (13.211) . we act with 




From 13.21 and 13.31 follows 

1 



® 1 ® . . . ® 1 \^ CaTT^b 

• • ® 1) CaTT^b-^VkA^ . 



= (1 ® . . . (g) e^, (g) 1 ® . . 
After leaving out the invertible operator 1 ® . . . ® e^i^ ® 1 (g) . ^ . (g) 1 , we get 

rti^i — 1 factors 

a 

where 

K = KMbiiai) e Bw,,,^^, 

are the same charge-type as ba in f l3.2ip . 

We act with 1® . . .® A^^ ® 1 . ^ . 1 , until j becomes —riii. In that case, we get 

ni^l — 1 factors 

y^Ca7r9|6a(a2)&a (ai)a^ni,iai(-^l,l)^fcAo = 
a 

where 6^(q;i)x„^ -^^^ (— ni^i) is of color i = l and 

^("2)&^(ai)a;ni,iai(-'^l,l)^fcAo ^ 

that is 

From the subsection 13.41 follows 

7r(n6(a2)6"^(ai)a;„i ,Q,(-ni_i)t;fcAo 

= (1 (g) ■ • • 1 (g) Cc,! ® e^,, ■ ■ ■ (g) ec,J6'(a2)&'(ai)t;fcAo, 

where 6'(a2)&'(cn) does not have a quasi-particle of charge ni^i. 6'(a2)&'(«i) is of dual- 
charge-type 



and charge-type 



n m .,nix,n w , . . . , ^2,1 
'2 1^ '1 
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such that 

(^n^(i) 2, . . . , ni,2; n^xD^^, . . . , ria.i) < (^^(D^a' • • • ' "-i-s; '^^w,!) • • • ^ ^2,1, '^i.i 

From Proposition 13.4. it follows that we get elements from the set ''^WnkAo)- 

We apply the described processes, until we get monomial "colored" only with color 
2 = 2. Thus by the consideration at the end of subsection I3.1[ we have Cq = and the 
desired theorem follows. □ 

3.6. The proof of linear independence of the set ^WN^kAg)- consider the sur- 
jective map of £(n+)-modules 

Po : U{C{n+)) ^ WN{kAo), 

b t-^ bvN{kAo)- 

The restriction of po to f/(£(n+)<o) 

f/(£(n+)<o) ^ WN(kAo) 

b ^ bvN{kAo) 

is an isomorphism of £(n+)<o-modules. Let 

J = f/(£K))/:(n+)>o 

be the left ideal in f/(£(n+)). Since the ideal J lies in the kernel of po, we can factorize 
Po to a quotient map 

p:W ^ WN{kAo), 

where 

w = u{CM)/j. 

Remark 3.6.1. W does not depend on the central element c, since the root vectors x,y 
G n+ are orthogonal relative to invariant simetric bilinear form (•, ■) (cf. [HJ_). 

From Poincare-Birkhoff-Witt theorem, it follows 
(3.22) W ^ t/(£K)<o) = 5(£(n+)<o). 

Denote by vr the projection 

TT : f/(£K)) -> W, 
n{b) = b + J. 

We have 

p(7r(6)) = bvN{kAo)- 

From the above consideration, we may conclude that the map p is isomorphism of £(n+)- 
modules. 

W is Z-graded vector space (see (I3.22p ). Let 

leCcW. 

We have 

n>0 

where W(n) is spanned by the monomials 

Xi(mi) ■ ■■xt{mt) 

for i > 0, G n+, with mi + - ■ ■+mt = — ra, rrij < —1 and Xj e n+ for every j = {1, . . . , t}. 

One can obtain a basis of W by using an ordered basis of £(n+). We obtain a basis of 
W in terms of quasi-particles. By using this basis, we show that the set ®iyjv(feAo) the 
basis of the principal subspace WN{kAo)- 

23 



Define the set B: 



I 



B= U 

0<ri. M) <...<n.i,i 
0<n (1) <...<ni,2 \ 



\ 



or, equivalently, \^ 

rj^'>rf' >...>0 
r^^)>rf >...>0/ 



h = h{a2)h{ai) = ^2 ("^^(d o) ' ' ' lai 



rrip^i < -np^i - Ep>p'>o2 min{np,i, np/,i}, 1 < J9 < r| 



(1). 



< rup^i - 2np,i if np,i = np+i,i, 1 < p < r[^^ - 1; 



m. 



,2 < -np^2 + EgLi inin {2^9,1' ^P,2} - Ep>p'>o 2min{np,2, ^,2}, 1 < P < 



'2 1 



> . 



"^p+1,2 < "^p,2 - 2np,2 if '^p+1,2 = "-^,2, 1 < P < rj,^^ - 1 
Obviously p maps the set i? to a set 



OS 



JV{fcAo) 



{&^^iv{fcAo) \be B} 



In the same way as the Proposition I2.4.H we can prove 
Lemma 3.6.1. The set B spans W . 



□ 



Fix A;' G N such that k' ^ k. Let p^/ be a map 

Pk' -.W ^ WN{k' Ao), 

defined by 

Pfc'(7r(6)) = bvN(kAo), 

where b G f/(£(n+)) and vr : [/(£(n+)) — i- projection on W. Since pfc' is isomorphism 
of £(n+)-modules, we have: 

Corollary 3.6.1. The sets ^w. 



and ^vy^jj.,^^) 0,1"^ equivalent in the sense 



w 



JV(fc'Ao) ■ 



□ 



Now we can prove the Theorem [H 
Proof of the Theorem [T]; 

Since the set 23vi/iv(fcAo) ^P^^^ principal subspace WN{kAo)) all we have to prove is the 
linear independence of the set ^Wf^^kh^)- Assume that 

(3.23) CabaVN{kko) = 0, 

aeA 

where A is a finite non-empty set. We assume that all monomials ba are the same color- 
type (r2,ri). Let b' be the largest monomial in fl3.23p in the linear lexicographic ordering 
"<" (cf. ([213]) ), such that < ^ 0, of charge-type 
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and dual-charge-type 



(1) (2) K,2) (1) (2) K,i) 

'2 i'1 1 ■ ■ ■ i' 2 ''1 5'! 1 ■ ■ ■ i' \ 



Since the map p is isomorphism of £(n+)-modules, we have 

Caha = 0, 

where 

(3.24) ba e B. 

Let k' be a positive integer such that 

n'l I < k' 

and ^ 

-n'l n < A;'. 
2 ^'^ - 

Denote by Vr/v(A;/Ao) = f^('^("^+))'^Af(fc'Ao) the principal subspace of (fc'Ao). The map pk' 

Pk' -.W WN{k' Ao) 

maps the set B to the set that spans W^Ar(fc'Ao)) so we have 

Caba^Nik' Ao) = 0- 

With the surjective map /fc/Ao : lyAr(fc'Ao) W^L(fc'Ao), we get 

CgbgVk'Ao = 0. 

From the Theorem [21 we see that all the coefficients in fl3.23p are equal to zero and 
our proof of linear independence is complete. 

□ 

4. Character formulas 

The space iV(A;Ao) has certain gradings. The action of the operator —d on A^(A;Ao) 
gives a grading by weight (see fll.ip and (11.31) ). The action of Cartan subalgebra () on 
A^(fcAo) provides the gradation on N{kAo), which we call color-type gradation (see (12.21) ). 

We restrict these Z-gradings to the principal subspaces WL(kAo) and WN{kAo)- Let pi, 
Up-^i, . . . ,ni^i, (where 1 < « < 2), be non-negative integers. For integers mp.^i, . . . ,mi^i, 
the elements: 

2'np2,2a2 (^P2,2) ■ ■ ■ '^ni_2«2 ('^l,2)'''np-|^_iai (^pi,l) ' ' ' ^^rii^iai ('^l,! )^A;Ao 

and 

•^np2,2Q:2 (^^^2,2) ■ ■ ' •^ni,2a2 (^l,2)'^npj,iQ:i (''^pi,l) ' ' ' -^ni^iai (^1,1 )'^A''(fcAo) 

have weight 

-'"T'P2,2 - • ■ • - ■"^1,2 - '"T'pi,! - ... - mi^i = -m. 

Their color-type is 

(^^2,^0, 

where 

ri = Up^^i + . . . + rii^i. 
Such vectors span a weight subspace which we denote as VrL(fcAo)(mri r-2) 

WN(kAo){rn,r^,r2)- 
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4.1. Characters of the principal subspace W^kAo)- Here we consider the graded di- 
mensions of the principal subspace W^kAo) ■ Denote by ch VrL(fcAo) the generating function 
of dimensions of homogeneous subspaces of W^kAo)'- 



(4.1) ch WLikAo)= Yl ^MfcAo)(„,.,,.,)?"2/r?/2' 

m,ri,r2>0 



where q, yi and 1/2 are formal variables (cf. |FLM] ). This generating function is called 
the character of the principal subspace W^kAo)- 

(s) 

We write down ch WL{kAo) in terms of the dual-charge-type parameters rl . Therefore, 
we write conditions in the definition of the set ^WLf^kAo) (EH]) in terms of r^'^\ More pre- 
cisely, we use the following expressions (14. 2p . (14. 3p . and (14. 4 p to determine the character 
of W^kAo)- It is easy to prove these expressions by using induction on the level A; G N of 
the standard module L^kAo). 

Lemma 4.1.1. For the given color-type (r2,ri), charge-type 
and dual-charge-type 

(1) (2) (2k), (1) (2) (k) 



we have: 



2 ''2 )---;'2 I'l ''1 )•••)'! /) 



-.(1) -.(1) 

' O '1 



(4.2) 5^^minK,2,2n,,i} = rP(rf "^^ + rf )), 

p=l q=l s=l 



k 



(4-3) X] 2min{np,i,np/,i} + rip^i) = ^rj' 

p=l p>p'>0 s=l 
^2 

(4-4) XI 2min{np,2, V,2} + ^P,2) = Xl'^ 

p=l p>p'>Q s=l 



2k 



For r > set 

1 1 



□ 



iq)r (l-g)(l-g2)...(i-gr)- 
For this formal power series, we have a combinatorial interpretation: 

where Pr{j) is the number of partition of j with most r parts (cf. [XJ). 

Now, from the definition of the set ^w^tAo) ^nd (g^D, (|43D, (M follows the 

character formula: 
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Theorem 3. 



Ch WL(kAo) 



^ • 



□ 

4.2. Characters of the principal subspace WN{kAo)- In the same way as in the pre- 
vious subsection, we define the character of the principal subspace WN(kAo) as 

ch WN(kAo) = ^™ ^^(fcAo)(™,^,,^2)9"'l/['Z/?, 

m,ri,r2>0 

where q, yi and y2 are formal variables. 

From the definition of set ^WM^kAo) ^'^'^ (S3), dlSD, f|01) . f H3|) follows the character 
formula of the principal subspace Vr/v(A;Ao)- 



Theorem 4. 



(4.6) ch 



N{kKo) 
rj ^ H hrj ' 



X I? / 

.A«)>n '1 'i '1 



r(^)>...>ri"^>0 

^r<'^%---+r^"' -rY'ir^'-'+r^^') ri"'(r^""-^^+r^'"0 rj"^ (r^"""^' +r^"''-') 

(1) (9),.(i)_^(2) ■ ■ • 

4 '>->4 '>0 2 '^2 '^2 

i)>0 



'"2 



□ 



We can determine the character of principal subspace WN{kho) using the Poincare-Birk- 
hoff-Witt theorem. 

We set {xa^,Xa2,Xa^+a2^^ai+2a2} ^ basis of the Lie subalgebra and order these 
basis elements as follows: 

Set {xQ,(m) : a G R^,m < 0}, so that this set is a basis of the Lie algebra £(n+)<o. We 
choose the following total order on this set: 

x{m) < y{m') x < y or x = y and m < m'. 

By Poincare-Birkhoff-Witt theorem, we obtain the base of the universal enveloping alge- 
bra f/(/:(n+)<o): 



(4.7) Xa2{m\) ■ ■ ■ Xa2{ml^)xai{ml) ■ ■■Xa^{m: 



S2-] 



^ai+a2{'^3) ' ' ■ 3^ai+a2 ('^3^)'^ai+2a2 (^4) ' ' ' •^ai+2«2 (''^4'') 
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with m} < ■ ■ ■ < , Sj G M for i = 1, 2, 3, 4. 

It follows that the subspace f/(£(n+)<o)(m,ri,r2) has basis fl4.7p . where 

4 Si 

(m,ri,r2) = (X^X]"^^''^^ + ^3 + -54,51 + S3 + 2S4). 
i=i j=i 

The bijection map 

t/(£(n+)<o) ^ Wiv{fcAo) 

b ^ bvN(kAo) 

maps weighted subspace f/(£(n+)<o){m,ri,r2) W^Af(fcAo)(^ ^2)' Thus, we also have 

-I— r 111 1 

(4.8) ch iy;v(.A„) = n (1 - qrr^y,) (1 - q-y,) (1 - g^y^y^) (1 - g^l/il/i) ' 

Now from (14. 6 p and (14.80 follows a new identity of Rogers- Ramanujan's type: 
Theorem 5. 

n I 

JJ^„(l - l"'Vi) (1 - 9'"!/2) (1 - l^yiVi) (1 - <;"'!/i!/l) 



r'r'>--->r-r'>o ^ ^ ^ 

n>0 
"d>0 



□ 



References 

[A] G. E. Andrews, The theory of partitions, Encyclopedia of Mathematics and Its Applications, Vol. 2, 
Addison- Wesley, 1976. 

[AKS] E. Ardonne, R. Kedem and M. Stone, Fermionic characters of arbitrary highest-weight integrable 
slr+i-modules, Comm. Math. Phys. 264 (2006), 427-464; arXiv:math.RT/0504364, 

[Call] C. Calinescu, Intertwining vertex operators and certain representations of sl{n), Commun. Con- 
temp. Math. 10 (2008), 47-79; [arXivTmath:QA/06 115341 

[Cal2] C. Calinescu, Principal subspaces of higher-level standard si (3) -modules, J. Pure Appl. Algebra 
210 (2007), 559-575; 'arXiv : math . QA/061 1540, 

[CalLMl] C. Calinescu, J. Lepowsky and A. Milas, Vertex- algebraic structure of the principal subspaces 
of certain a[^^ -modules, I: level one case. Int. J. Math. 19 (2008), 71-92; |arXiv .math . qA/0710 . 152?! 

[CalLM2] C. Calinescu, J. Lepowsky and A. Milas, Vertex- algebraic structure of the principal sub- 
spaces of certain A^^"^ -modules, II: higher-level case, J. Pure Appl. Algebra, 212 (2008), 1928-1950; 
larXiv . math . QA/OTIO .1527, 

[CalLMS] C. Calinescu, J. Lepowsky and A. Milas, Vertex- algebraic structure of the principal subspaces 
of level one modules for the untwisted affine Lie algebras of types A,D,E, Journal of Algebra 323 
(2010), 167-192; [arXiv : math . qA /0908 . 4054, 

[CLMl] S. Capparelli, J. Lepowsky and A. Milas, The Rogers-Ramanujan recursion and intertwining 
operators. Comm. Contemporary Math. 5 (2003), 947-966; arXiv:math.QA/0211265, 

[CLM2] S. Capparelli, J. Lepowsky and A. Milas, The Rogers- Selberg recursions, the Gordon-Andrews 
identities and intertwining operators, Ramanujan J. 12 (2006), 379-397; arXiv:math.QA/0310080 

[DKKMM] S. Dasmahapatra, R. Kedem, T. R. Klassen, B. McCoy and E. Melzer: Quasi-particles, 
conformal field theory and q-series. Int. J. Mod. Phys. B7, 3617 (1993); .arXiv:hep-th/9303013 

28 



[DL] C. Dong and J. Lepowsky, Generalized vertex algebras and relative vertex operators, Progress in 

Mathematics 112, Birkhauser, Boston, 1993. 
[DLM] C. Dong, H. Li and G. Mason, Simple currents and extensions of vertex operator algebras, Comm. 



Math. Physics 180 (1996), 671-707. 

[F] E. Feigin, The PBW filtration, Represent. Theory 13 (2009), 165-181; 'arXiv : math . qA/0702797' 
[FS] A. V. Stoyanovsky and B. L. Feigin, Functional models of the representations of current algebras, 

and semi-infinite Schubert cells, (Russian) FunktsionaL AnaL i Prilozhen. 28 (1994), no. 1, 68- 
90, 96; translation in Funct. AnaL AppL 28 (1994), no. 1, 55-72; preprint B. L. Feigin and A. 
V. Stoyanovsky, Quasi-particles models for the representations of Lie algebras and geometry of flag 
manifold; arXiv:hep-th/9308079, 

[FHL] I. B. Frenkel, Y.-Z. Huang and J. Lepowsky, On Axiomatic Approaches to Vertex Operator Alge- 
bras and Modules, Memoirs of the Amer. Math. Soc. 104, 1993. 

[FLM] B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster, Pure and 
Appl. Math., 134, Academic Press, Boston, 1988. 

[G] G. Georgiev, Combinatorial constructions of modules for infinite- dimensional Lie algebras, L Prin- 
cipal subspace, J. Pure Appl. Algebra 112 (1996), 247-286; arXiv : hep- th/9412054 

[H] J. Humphreys, Introduction to Lie Algebras and Their Representations, Graduated Texts in Mathe- 
matics, Springer- Verlag, New York, 1972. 

[JP] M. Jerkovic and M. Prime, Quasi-particle fermionic formulas for (k, 3)-admissible configurations, 

to appear in Central European Journal of Mathematics; arXiv: math. QA/1107. 3900 
[K] V. G. Kac, Infinite Dimensional Lie Algebras, 3rd ed., Cambridge University Press, Cambridge, 



[LL] J. Lepowsky and H.-S. Li, Introduction to Vertex Operator Algebras and Their Representations, 

Progress in Math. Vol. 227, Birkhauser, Boston, 2003. 
[LP] J. Lepowsky and M. Prime, Standard modules for type one affine Lie algebras. Lecture Notes in 

Math. 1052 (1984), 194-251. 
[Lil] H.-S. Li, Local systems of vertex operators, vertex superalgebras and modules, J. Pure Appl. Alg. 

109 (1996), 143-195; [arXivTmath . qA /9504022, 
[Li2] H.-S. Li, Certain extensions of vertex operator algebras of affine type, Commun. Math. Phys. 217 

(2001), 653-696. 

[MP] A. Meurman and M. Prime, Annihilating fields of standard modules of si {2, C) and combinatorial 
identities. Memoirs Amer. Math. Soc. 137, (1999); arXiv:math. QA/9806105, 

[P] M. Prime, Combinatorial basis of modules for affine Lie algebra B2^\ to appear in Central European 
Journal of Mathematics; |arXi v : math . QA/ 1002 .35351 

University of Rijeka, Department of Mathematics, Radmile Matejcic 2, 51000 Rijeka, 
Croatia 

E-mail address: mbutorac@math.uniri.hr 



1990. 



29 



